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ABSTRACT

Stochastic motion of particles in the presence of a background magnetic
field and electrostatic waves is of interest in both laboratory and space
plasmas. Ion heating in fusion experiments can be achieved by a single
wave driving particles into chaotic dynamics. Wave mechanisms are also
believed to account for the energization of ions from the ionosphere to the
magnetosphere. In particular, it has recently been shown that two perpen-
dicular waves may explain the high-energy tail of H* and O™ distributions
in the upper ionosphere [1].

In a uniform magnetic field éo, one perpendicular wave causes parti-
cles within a range of perpendicular energies to move stochastically when
the wave amplitude exceeds a threshold [2,3]. Two perpendicular waves
whose frequencies differ by an integer multiple of the cyclotron frequency
(w1 —we = NC.) can coherently accelerate particles from low energies
into the one-wave chaotic regime. We show that oblique waves can also
produce coherent acceleration, provided their parallel wavenumbers are
sufficiently close. The resonance condition now applies to the Doppler-
shifted wave frequencies: (w1 — k1,v.0) — (wo — ko, v.0) = N2

We also consider the possibility of enhanced ion heating with two oblique
waves as opposed to one oblique wave. Each wave produces a chain of
primary islands at k;,v, —w; = N{)., and stochasticity occurs when islands
overlap [4,5]. Both one and two waves produce a rapid initial energization
of particles in the stochastic region followed by slower, long-term heating.
For two waves, the heating is found numerically to be more effective, and
the stochastic region is extended to lower v..



Outline

Coherent Acceleration

e 1 perpendicular wave: stochastic region for kyp;, =r ~ v = w/€Q,

e 2 perpendicular waves, w; — wy = NS).. coherent acceleration of low-
energy particles into stochastic region

e Finite kz W — W — (lﬁz — kgz)vzo = NQC

— Lie perturbation analysis of coherent motion
— When does coherent acceleration occur?

— Coherent change in v,

Stochastic Heating by Oblique Waves

e 1 oblique wave: Overlap of islands leads to stochastic region
e 2 oblique waves: 2 chains of islands; energization
e Heating primarily in the parallel direction

e Faster and stronger heating, wider stochastic region with 2 waves



Particle Equations of Motion

e Particle moving in uniform background EO = Byz and electrostatic
waves:

V; = ;, E@ = (kixa 0, kiz)

Time scaled to Q. = gBy/m, length to typical k™
e Hamiltonian formulation:

1 3}
H,|q.p,t] = §(ﬁ— )+ Zﬁi cos(k; - T — vjt)

B=VxA A= By

e Guiding Center variables:
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H=P,+ évz + Z €; cos(kizrsin ¢ + ki.z — v4t)
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¢ = arctan — = gyrophase, r = /2P, = \/2? 4+ v2 = Larmor radius
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One Perpendicular Wavel??

Stochastic region: v — /e < r < (2/m)/3(4ev)?/3

v =40.47,¢ = 3.2  Surface of Section (¢=0)
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Two Perpendicular Waves!!!

Coherent Acceleration: |v, 15 ¢ Z, but N =uv, —1n € 2

vV = 4047, Vy = 3947, €1 = €9 = 32, klx = ka =1
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Analytic Treatment

e Average out fast, incoherent motion to get equation for slow, coherent
motion

e Use Lie transform methods to find Hamiltonian for coherent motion
e Bounds of motion in r and v.

e Understanding of phase dependence of energization

e Coherent change in v, : Av, = —klzzzvk% (r2 — 1r2)

e When does coherent 7 acceleration remain? Answer: small (ky, — ko)

e Large k, with small (k1. — ks.) gives acceleration, but incoherent fluc-
tuations in v, > coherent change in v,



[6]

Lie Perturbation Theory"™ for Two Waves

e Lie generating function w gives new coordinates £ w/ Hamiltonian H:

dz I B of 9g  0f 9g
- = 1z, w|z, T(e=0)=ux .9l = Z (3% o op 36]@)

i

e w,H can be found perturbatively: w = > €w;, ...

Do(f(z)) = Ouf + [f, Holu
D()U)l = Hl — H1
Dowg = Q(HQ — HQ) — [wl, Hl -+ Hl]x

For z to describe coherent motion, choose H; to kill resonant terms on
RHS of equation for w;.

H = H()—l—EHl
HO = P¢+%U§

Hy = €;cos(kirsing + ki.z — vt)

0.9

= Z €iJim cos(meo + ki.z — vit), Jim = Im(kiar)

H = Hy+eH, + €2 H,

e Unperturbed motion:

Py, =Py V=10  Qu=t+@y 2z, =00t + 2



Second-Order Perturbation Theory

e H; contains no resonant terms, so choose H; = 0. Gives wy:

€iJi1 .
wy = — ’ sin|llo + k;j,z — vt

DQU)Q = ((% + 8¢ + vzﬁz)wg = 2]:[2 — [wl, Hl]

e [wy, H| contains resonant terms from

cos|(l—m)p+(ki.—k;.) z—(vi—v;)t] — cos|(l—m+(ki.—k;.)v.0—vi+v;)t+c]

Set Hs equal to resonant terms:

Hy = S19[Py, v.] + So| Py, v.] cos|N(¢p — t) + (k1. — ka.)2]

Resonance Condition: |y — 15 — (ky. — ko )v.g € Z

Change variables to I, using the generating function Fy = I(¢ —t)
8F2 (9F2 . ’1“2 (9F2

H[Pm Uz, wa Z} — SI[PQ; Uz} + SQ[P(D; Uz} COS[NZD + <klz - ]{723>Z]

2 2
klz—kng — T

N 2

— U, [T] = V0 +

e Bounds on H: Particle confined in r to stay between H

H <H<H. where Hi|r| = Si[r] + |Ss|r]|
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Expressions for S;, S

= %vg + S, + 5. ok %UZ absent for perp. waves!
ki €2 [
= — W JZ J/
2r 1+ kv, — v at

1 k2 e
_ i2€i ']i2l

41+ kizvz — Vi
- 5295 + S2z
o €1€2 1 n 1
B dr \l+ kv, —vy 1+ kv, — 1y

E S (/flq;(l - N)J{,ZJQ,Z—N + k2$l‘]£,l—N‘]1,l)
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Hamiltonian Bounds Explain » Motion, ¢ Dependence

Perpendicular Waves: vy = 40.47, 19 = 39.47, €1 = €9 = 3.2
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k1. = 1.0001, ko, = 1: H Not Constant?

rvs. t

60

40

20y

0.02 |

L

0.01

0 1|0 2IO éo



k1. = 1.0001, ko, = 1: v, fluctuations
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e v, fluctuations > coherent motion. Add (v,) to v,q for Hy.
H with v,(0) = (v.) vs. t
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e Separate H for each set of initial conditions.



k1, = 0.01, ko, = 0: Coherent Acceleration Suppressed
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e Larger v?/2 term brings H,, H_ closer.




One Oblique Wave!

Transform to wave frame (v, — v, — v/k,):

1
H = 5(7“2 +v?) + ; eJi(kyr) cos(lp + k. z)

e ¢ < 1 : Series of resonances at v, — v/k, = L € Z. H near each
resonance =~ nonlinear oscillator:

Hp ~ E+eJp(k,r)cos(Lo + k.2)
[sland half-width in v, : wp, = 2+/€eJp(k,r)

Resonance Overlap Criterion: wp +wre > 1/k,

¢ = 0.37 Surface of Section: € =0.06,v =3.6,k, = k. =1,r9g =2.24
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Two Oblique Wavesl’!

e Cannot generically eliminate time from both waves:

1
H = 5( 24v?) +€; cos(k,rsin o+ k. 2)+ ey cos(kyr sin ¢p4-k.z — (vy—11)t)

e H not constant, cannot bound kinetic energy as in one-wave case.

e ¢ < 1: Each wave produces its own chain of islands

¢» = 0.3m SoS; € =0.000,v =3.6,3.1,k, =k. =1,rg =14
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One Large-Amplitude Wave

e=04,k, =k, =1,v=36,v,0=0,17g =2.24

(kz z-v t) mod 2n

Two Large-Amplitude Waves

e=02,k,=k,=1v=36,31v,0=—1,1rg=2.24
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e 2 waves: Larger stochastic region in v, with half the wave energy



Short-Time Heating

V0 = 0.25, 179 = 2.24
e=04,v=36 1 wave e=02,vr=36,3.1 2 waves
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Long-Time Heating

v.0 = 0.25,79 = 2.24

e=04,vr=3.6 1 wave
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Future Work

e Coherent motion for v, 5 both integers.
e Study of stochastic “diffusion” on short and long timescale.

e Investigation for realistic plasma and wave parameters.
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